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Abstract In this paper, we propose a new hybrid method
called SQPBSA which combines backtracking search
optimization algorithm (BSA) and sequential quadratic
programming (SQP). BSA, as an exploration search engine,
gives a good direction to the global optimal region, while
SQP is used as a local search technique to exploit the
optimal solution. The experiments are carried on two suits
of 28 functions proposed in the CEC-2013 competitions to
verify the performance of SQPBSA. The results indicate the
proposed method is effective and competitive.
Keywords numerical optimization, backtracking search algorithm, sequential quadratic programming, local search

1

Introduction

Optimization algorithm plays an important role in applied
mathematics, decision sciences, and physical analysis
aiming to obtain the minimum or maximum of the objective
function. In general, the optimization algorithms can be
divided into stochastic optimization algorithms and
deterministic optimization algorithms based on whether
there is randomness or uncertainty during the optimization
process.
Broadly speaking, the natured-inspired approach is one
kind of stochastic optimization algorithm. Researchers have
Received month dd, yyyy; accepted month dd, yyyy
E-mail: × × × × @ × × × . × ××

come up with plenty of nature-inspired models to design
evolutionary algorithm. Genetic algorithm (GA) proposed
in [1] explores the optima by simulating the biological
evolution process based on genes and chromosomes in
nature. In differential evolutionary algorithm (DE) [2], the
mutation and crossover operators are performed on the basis
of differences between parent individuals. Ant colony
optimization algorithm (ACO) [3] is inspired by ants
foraging process. Particle swarm optimization algorithm
(PSO) [4, 5] models the behavior of individual exploration
and group cooperation in birds foraging to locate the optima.
Moreover, some improved and promising variants are also
proposed. For example, Chen et al. proposed an improved
particle swarm optimization with an aging leader and
challengers (ALC-PSO) [6]. Yu et al. presented an enhanced
differential evolution with two-level parameter adaptation by
designing a new mutation strategy inspired the greedy
DE/best/1 strategy [7].
BSA is a novel population based stochastic algorithm
used for solving continuous numerical optimization that was
first proposed by Civicioglu [8].
Similar to general
evolutionary algorithm, BSA consists of the following steps:
initialization, mutation, crossover, and selection.
The
procedure of BSA generating trial individuals using new
designed mutation and crossover operators ensures its strong
capability to solve optimization problems. BSA is controlled
by a single parameter and not sensitive to the initial solution.
Since the previous generation population information is used
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Algorithm 1: Backtracking Search Algorithm
Step 1: initiate the population P and the historical population oldP containing N individuals randomly from search space.
Step 2: while the stop condition is not satisfied do
Step 3: selection-I: oldP = P in the case of a < b, where a and b are randomly generated numbers distributed uniformly over
the range (0,1) using Eq. (4).
Step 4: permute arbitrary changes in position of oldP.
Step 5: generate the mutant M according to Eq. (6).
Step 6: generate the trial individuals V according to Eq. (7).
Step 7: selection-II: select the population with better fitness from V and P using Eq. (8).
Step 8: update the best solution.
Step 9: end while
Step 10: output the best solution.

to guide the evolutionary process towards the optimal
solution, BSA has shown promising performance for
functions proposed in CEC-2005 and CEC-2011
competition [8].

performance of BSA can be further improved by combining
a local search method. In the lights of this, we intend to seek
a local search technique with strong search ability to
enhance the performance of BSA.

Due to its promising performance, BSA has been applied
to different kinds of engineering optimization problems
recently. A neural classifier optimized using BSA was
presented by Agarwal et al. in [9] which has been proved to
exhibit better results. In order to improve the effectiveness
of the fault measurement method, Yang et al. adopted BSA
to design the optimal chaotic excitation [10]. Zhang et al.
combined BSA with three constraint handling methods to
improve search efficiency for constrained optimization
problems in [11]. Zhao et al. adopted BSA with DE and
IBGA methods at different evolutionary stage and verified
BSA’s excellent robustness for complex constrained
problems [12].
For complementary metal oxide
semiconductor (CMOS) problem, Mallick et al. proposed
BSA-DE by combining differential evolution algorithm in
the mutation step [13]. Utilizing experience may make BSA
converge slowly and prejudice exploitation on later iteration
stage. Wang et al. proposed a hybrid algorithm HBD [14] by
using differential evolution to enhance exploitation ability of
BSA. A memetic BSA named MBSOA [15] was proposed
by Ali et al. In MBSOA, random walk with direction
exploitation method is combined with BSA as a local search
engine to refine the best obtain solution at each iteration and
speed up the procedure for solving economic dispatch
problem.
According to the references [13–16], the

The sequential quadratic programming (SQP) method, a
gradient-based deterministic method, decomposes a complex
nonlinear problem into a series of quadratic programming
problems which are easy to solve. SQP uses derivative
information when solving quadratic programming problems.
As a result, SQP exhibits rapid decreasing speed. But, SQP
is easy to get stuck in the local optima, thus, it can be
regarded as another local search technique. Recently, SQP
has been invoked into [17–20], and shown promising
performance. Moreover, researches have paid more and
more attention combining different search optimization
algorithms or machine learning methods to improve the
performance for real-world optimization problems, e.g.
OLPSO [21].
Some good surveys about hybrid
meta-heuristics or machine learning methods can be found
in the literatures [22–24].
In the lights of the above, we also concern on a hybrid
meta-heuristic algorithm, called SQPBSA, which combines
BSA and SQP. SQP is used in the earlier stage of the
evolutionary of BSA to improve convergence speed and to
favor exploitation. We use 28 benchmark functions to verify
the performance of SQPBSA, and the results show
improvement in effectiveness and efficiency of hybridization
of BSA and SQP. The major advantages of our approach are
as follows: (i) SQP helps SQPBSA converge fast, and keep
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the balance between exploration and exploitation. (ii) SQP is
embedded in BSA as a component, therefore, SQPBSA does
not destroy the structure of BSA, and it is still very simple.
The remainder of this paper is organized as follows.
Section 2 introduces backtracking search algorithm and
sequential quadratic programming.
Section 3 gives
description of the proposed method. Results are presented in
Section 4 and the discussions are made in Section 5. Section
6 concludes this paper.

2

Preliminaries

In this section, we first introduce the general form of
optimization problem, and then we describe BSA and SQP.

3

the lowest and highest boundary constraint of the jth
dimension in each individual, and U is the uniform
distribution.
pi ∼ U(low j , up j )
(2)
old pi ∼ U(low j , up j )

OldP is constantly updated at the start of each iteration
according to Eq.(4) and Eq.(5) where a, b ∼ U(0, 1). oldP
produces a population from a random selection of former
generation of P according to Eq.(4). Then, Eq.(5) reorders
the selected population P as the current historical population
oldP. In the following step, oldP is involved in the
calculation of search direction.
pi , a < b
old pi , otherwise

(4)

old pi := permuting(old pi )

(5)

(
2.1

old pi =

Problem formulation

Generally speaking, optimization problem can be presented
as the following form.
Minimize
S ub ject to

f (x)
gi (x) = 0 i = 1, ...me
g j (x) 6 0 j = me + 1, ...m

(1)

Where f (x) is the objective function subject to constraints
g(x), me and m are numbers of equality and total constraints
respectively.
The first step of solving problem is to
determine the objective and constraint functions. Then, a
suitable method is employed to find the optimal vector x that
is supposed to minimize the objective function and satisfy
the equality and inequality constraints.
2.2

The basic idea of BSA

The backtracking search optimization algorithm is a new
population-based stochastic search method [8]. BSA is
capable of solving multimodal problems with a simple
structure. BSA processes a memory to store previous
generations which can guide the population towards global
optimal taking advantages from historical experiences. To
implement BSA, the following processes need to be
performed.
BSA maintains the population P and historical population
oldP during evolutionary process. Each population consists
of N individuals, and each individual keeps D genes. At the
tth generation, D genes of the ith individual in population P
or oldP can be represented as pti = (pti,1 , . . . , pti,D ). BSA
initializes P and oldP with Eq.(2) and Eq.(3) respectively
where i=1,2,3...N, j=1,2,3...D, low j and up j is denoted as

(3)

BSA generates trial vectors through mutation and
crossover operators which can be presented in Eq.(6) and
Eq.(7). Firstly, BSA has a random mutation strategy that
uses only one direction individual old pi for each target
individual pi . BSA generates a trial population, taking
advantage of its experiences from previous generations. F
controls the amplitude of the search-direction matrix. The
initial form of the trial individual mi is created by Eq.(6).
mi = pi + F × (old pi − pi )

(6)

The trial individual V is finally obtained by Eq.(7). BSA
generates a binary integer-valued matrix called map to guide
crossover directions. Trial individuals with better fitness
values for the optimization problem are evolved into the
target population individuals. Eq.(7) shows BSA’s crossover
strategy.
(
vi, j =

pi, j , mapi, j = 1
mi, j , otherwise

(7)

In the following stage, the target individual Pi is replaced
by the trail vector Vi which has better fitness values than the
corresponding Pi according to a greedy selection mechanism
shown in Eq.(8).
(
pt+1
=
i

vti , i f f (vti ) 6 f (pti )
pti , otherwise

(8)

According the above description, the procedure of BSA
can be summarized in Algorithm 1.
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Algorithm 2: Sequential Quadratic Programming
Inputs: initial solution x0 , the maximum iteration time MaxIter
Step 1: k = 0, dk = 1;
Step 2: while k < MaxIter do
Step 3: calculate Langrangian function
Step 4: Hessian matrix Hk is approximated by Bk using BFGS quasi-Newton method according to Eq. (11), Eq. (12) and Eq. (13).
Step 5: solve quadratic programming sub-problem described in Eq. (9) to obtain search direction dk .
Step 6: the step length αk is determined in order to produce a sufficient decrease in the merit function ψ(x) described in Eq.(14).
Step 7: update optimization parameter using xk+1 = xk + αk · dk .
Step 8: k = k + 1;
Step 9: end while
Output: xk

2.3

The basic idea of SQP

The SQP method is an iterative gradient-based method for
solving nonlinear numerical optimization problems. In SQP,
the original problem is converted into the corresponding
quadratic programming sub-problems by Lagrange-Newton
method using the gradient of objective and constraint
functions. The search direction is obtained from quadratic
programming, and the step length is calculated by
minimizing the merit function. Both of them are used to
form a new iterate. The process can be referred to [25]. This
algorithm was first proposed by Wilson [26] and it is still
considered an efficient way after two decades past. Based on
the characteristics of the gradient descent, it has fast
convergence speed and high efficiency.
We take the
formulation of SQP subroutine from [17].
Generally speaking, a quadratic programming problem
can be described as follows.

Minimize
S ub ject to

1 T
T
2 dk Hk dk + ∇ f (xk ) dk
T
[∇g(xk )] dk + gi (xk ) =
[∇g(xk )]T dk + g j (xk ) 6

0 i = 1, ...me
0 j = me + 1, ...m
(9)

Where dk is the search direction at the kth iteration, f (x)
is the objective function subject to the constraints g(x), me
and m are the number of equality and total constraints
respectively, and Hk is the Hessian matrix of Lagrangian
function defined by Eq.(10) approximated by Bk according
to the quasi-Newton method at the kth iteration shown in
Eq.(11), Eq.(12) and Eq.(13).

L(xk , λ) = f (xk ) +

m
X

λ j g j (xk )

(10)

j=1

BFGS quasi-Newton method can be represented as follows
where λ is the estimation of the Lagrangian multiplier.
Bk+1 = Bk +

qk = ∇ f (xk+1 ) +

m
X

qk qTk
qTk sk

−

(Bk sk )(Bk sk )T
sTk Bk sk

λi gi (xk+1 ) − ∇ f (xk ) −

m
X

i=1

(11)

λ j g j (xk ) (12)

j=1

sk = xk+1 − xk

(13)

The merit function is described in the following equation.
m
X

m

1X
ρi (gi (x) − si )2
2
i=1
i=1
(14)
Where s is the non-negative slack variable, and ρ denotes
penalty parameter.
During each iteration process, SQP solves a quadratic
programming sub-problem forming as Eq.(9) to form a
search direction dk for a line search procedure, determines
the step length according to the merit function described in
Eq.(14), and repeats these steps until the solution of the
given problem is obtained.
The matlab optimization toolbox is used to minimize the
problem using the sequential quadratic programming and the
procedure of SQP can be summarized in Algorithm 2.
ψ(x) = L + f (x) +

λi (gi (x) − si ) +
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Algorithm 3: Sequential Quadratic Programming Enhanced Backtracking Search Algorithm
Step 1: initialize population size N, stage control parameter p, local search probability lsrate, crossover parameter dimRate, total
number of SQP function evaluation times innerFes and total number of function evaluation times MaxFes.
Step 2: initialize population P, and historical population oldP using Eq.(2) and Eq.(3), respectively.
Step 3: evaluate the population P.
Step 4: Fes = 0;
Step 5: while the stop condition is not satisfied do
Step 6: search solution using BSA according to Eq.(4) and Eq.(5).
Step 7: if the evolutionary process is at the early stage and r < lsrate where r is a random number generated from uniformly distributed
[0, 1], then randomly select an individual from P updated by SQP.
Step 8: if local search SQP has not been called at the end of the early stage then select an individual from P randomly to be updated by
SQP.
Step 9: generate trial population after performing mutation and crossover operators according to Eq.(6) and Eq.(7)
Step 10: evaluate individuals in trial population.
Step 11: update P according to Eq.(8) and select the best individual Xbest .
Step 12: end while
Output: Xbest .

3

SQP Enhanced Backtracking
Algorithm (SQPBSA)

Search

BSA is a global stochastic search algorithm and adaptable to
various type of problems, especially when solving
multi-model optimization problems. However, BSA suffers
low convergence in the later generation stage. SQP belongs
to deterministic optimization algorithm, which converts the
complex nonlinear optimization problem into a series of
quadratic programming sub-problems. The final solution is
obtained by solving the quadratic programming
sub-problems.
Due to the utilization of derivative
information, SQP has advantage of fast speed while is easy
to stuck into local optima. In the lights of the framework
of [13–15], and the characteristics of BSA and SQP, we
propose SQPBSA. BSA explores the solution as a global
search engine. Then, a point generated from BSA is used as
an initial input for SQP. Through solving a series of
quadratic programming sub-problems, a better solution
nearby the initial point is obtained. Therefore, the results
obtained from BSA is updated by means of SQP. In

SQPBSA, the stop creation is set such that if the certain
function evaluations related to the dimension of specific
problem is reached. BSA shows strong exploration ability at
early evolutionary stage. As a result, SQP is embed on the
early phase of BSA process. Moreover, SQPBSA has to
weigh the cost of the SQP function evaluations since SQP is
an iterative method. SQP is employed for limited times
randomly during evolutionary process.
Algorithm 3 summarizes the steps for combining BSA
with SQP. The proposed algorithm SQPBSA is simple and
easy to implement. The parameter p divides the evolutionary
process into early and later stages. It is at the early stage
when current evaluation time is less than the result obtained
from p multiplied by the maximum number of iterations
MaxFes. Otherwise, it is at the later stage. BSA works in
the whole process of evolution while the local search
technique SQP involves an individual randomly selected
from the current population during the early stage in the
evolutionary process. Based on the gradient descent feature
of SQP, the local search ability of the proposed algorithm is
enhanced.
The proposed method adapts SQP with a certain
probability in the early stage. It is necessary to note that
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SQP is called during the early stage in order to produce a
good evolutionary direction guiding the population toward
the best solution as soon as possible. Then BSA continues
searching better solution based on the local search solution.
If it fails to carry out the SQP method in the early stage,
SQP is called immediately at the end of the early iterations.
SQPBSA focuses on the different aspects during two stages.
Global and local search is adopted at the early process while
only global search BSA works at the later stage. The
strategy saves evaluation costs and reduces the running time.
Moreover, an individual randomly selected for SQP expands
the diversity of the population and prevents the algorithm
falling into local optima.

4

Experiments

4.1

Benchmark test functions

In this section, we have carried out experiments of SQPBSA
on CEC-2013 [27] test suites including 28 benchmark
functions which are tested widely in evolutionary
computation research area in order to evaluate its
performance. The test functions can be divided into three
classes: uni-modal functions F1 − F5, basic multimodal
functions F6 − F20 and composition functions F21 − F28.
And more information of these functions can be found
in [27].
4.2

Parameter settings

Table 1 Parameter values
parameter
dimRate
values

1

p

lsRate

innerFes

0.45

0.01

10000

For each benchmark function, 25 independent runs are
performed. The population size N is equal to the dimension
D when D is 30 or 50, while it is 30 in the case of D = 10.
Other parameters are given in Table 1 obtained by trial and
error tests. In Table 1, dimRate is the crossover rate in BSA,
and the stage control parameter p represents the percentage
of evaluation times during the early stage accounted of total
function evaluations. In addition, lsRate is the probability of
SQP performed, and innerFes is the maximum generation of
SQP. The algorithm is stopped if stopping criteria is met.
The stopping criteria is a maximum of 100000, 300000,
500000 iterations at dim equal to 10, 30, 50 respectively for
each run.

It is necessary to note that parameter lsrate is expected to
be set to a small value so that SQPBSA invokes SQP with
low probability during the early evolutionary stage. The
population can easily trap into the local optima if the local
search technique SQP is called frequently based on a high
value of lsrate. And there is no significant difference when
lsrate is set to different small values between 0.01 and 0.05.
In this paper, we set lsrate to 0.01. We discuss the
effectiveness of parameter p and innerFes in Section 5.
We select two indicators in [14] to evaluate the algorithm
performance. The error value is defined as f (X) − f (X ∗ ),
where X is obtained by the algorithms and X ∗ is the global
optimum of problem. The expression f (X) − f (X ∗ ) means
differences between the solution found by the algorithm and
the known optimal solution. AVG Er and S T DEr represent
the average and standard deviation of error values
respectively in all 25 runs, and AVG Er ± S T DEr stands for
the average and standard deviation of the best error values
presented in the following tables. The algorithm is proved to
be better if the above indicators are closer to zero. Error
values smaller than 10−8 are taken as zero [27].
We use Wilcoxon signed-rank test at the 5% significance
level to examine whether there is significant difference
between two algorithms. The total number of statistical
significant cases is given at the bottom of tables.
4.3

Effectiveness of local search technique SQP

Firstly, Table 2 summarizes the results SQPBSA performed
on CEC-2013 benchmark test suite. The results obtained by
SQPBSA which are relatively accurate are marked in Italics.
It can be obtained from the analysis of AVG Er that the
proposed algorithm SQPBSA reached the exact optimal
solution for 3 out of 28 functions i.e. F1, F5, F6. SQPBSA
is able to find solution near the optimal solution by
controlling error less than 10 for seven functions such as F2,
F4, F10, F11, F14, F16 and F19. For eight problems F7,
F8, F9, F12, F17, F18, F20, F22, the error is below 102
and the obtained solution approximates the global optima.
For seven complex functions F13, F21, F24, F25, F26,
F27, F28, the error value obtained by SQPBSA is less than
103 . The general location of the optimal solution can be
learned. With the increasing complexity of the problem,
there are multiple local optima. We infer that it is not
sufficient enough to produce a good direction guiding the
population towards the global optima for the complex
multimode problem based on the invocation of SQP at the
early stage. For the remaining problems F3, F15 and F23,
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BSA
SQPBSA

BSA
SQPBSA
0

6

-5

Log10(average error values)
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0
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200000

300000

0

100000

200000
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FES

(a) F1

(b) F5

BSA
SQPBSA

6

300000

BSA
SQPBSA
1.18
1.16

Log10(average error values)

Log10(average error values)

3

0

-3

-6

-9

1.14
1.12
1.10
1.08
1.06
1.04

-12
1.02
0

100000

200000

300000

0

100000

200000

FES

FES
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SQPBSA

4.1

300000

BSA
SQPBSA
4.0

Log10(average error values)

Log10(average error values)

4.0
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3.8

3.7

3.6

3.2
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2.4

3.6

0
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200000

300000

0

100000

200000

FES

FES

(e) F23

(f) F28

Fig. 1 the convergence curves of BSA and SQPBSA for selected benchmark functions
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Table 2 Error values obtained by BSA and SQPBSA for 30-dimensional CEC-2013 benchmark functions

F1
F2
F3
F4
F5
F6
F7
F8
F9
F10
F11
F12
F13
F14
F15
F16
F17
F18
F19
F20
F21
F22
F23
F24
F25
F26
F27
F28
+/=/−

BSA
AVG Er ± S T DEr

SQPBSA
AVG Er ± S T DEr

1.01e−30 ± 3.49e−30
1.37e+06 ± 5.35e+05
4.54e+06 ± 4.60e+06
1.27e+04 ± 3.58e+03
0.00e+00 ± 0.00e+00
2.74e+01 ± 2.47e+01
6.82e+01 ± 1.35e+01
2.09e+01 ± 6.72e−02
2.73e+01 ± 2.75e+00
1.90e−01 ± 1.42e−01
7.96e−02 ± 2.75e−01
8.71e+01 ± 2.14e+01
1.49e+02 ± 2.53e+01
3.56e+00 ± 1.73e+00
3.81e+03 ± 4.16e+02
1.26e+00 ± 1.66e−01
3.09e+01 ± 1.75e−01
1.16e+02 ± 1.99e+01
1.07e+00 ± 2.11e−01
1.14e+01 ± 4.91e−01
2.67e+02 ± 8.00e+01
4.33e+01 ± 1.72e+01
4.36e+03 ± 5.00e+02
2.33e+02 ± 1.03e+01
2.89e+02 ± 8.80e+00
2.00e+02 ± 1.32e−02
8.89e+02 ± 1.45e+02
3.00e+02 ± 1.95e−13

6.69e−30 ± 1.67e−29
7.70e−05 ± 2.35e−05
3.39e+05 ± 7.83e+05
7.12e−05 ± 5.88e−05
0.00e+00 ± 0.00e+00
9.79e−13 ± 3.54e−12
6.75e+01 ± 1.13e+01
2.09e+01 ± 5.63e−02
2.61e+01 ± 3.02e+00
7.95e−03 ± 4.17e−03
3.98e−02 ± 1.99e−01
8.83e+01 ± 1.90e+01
1.52e+02 ± 2.87e+01
4.67e+00 ± 2.37e+00
2.95e+03 ± 4.39e+02
1.10e−01 ± 3.73e−02
3.12e+01 ± 2.35e−01
8.65e+01 ± 1.48e+01
1.21e+00 ± 2.48e−01
1.12e+01 ± 5.84e−01
2.54e+02 ± 6.36e+01
4.19e+01 ± 1.89e+01
3.91e+03 ± 3.55e+02
2.39e+02 ± 1.19e+01
2.90e+02 ± 1.04e+01
2.00e+02 ± 1.49e−02
9.12e+02 ± 1.41e+02
3.00e+02 ± 1.69e−13

SQPBSA failed to reach the optimal solution with the error
value less than 106 , 104 and 104 .
Secondly, in order to show the effect of the proposed
method, Table 2 also shows the results obtained BSA when
dim = 30. The best values obtained by SQPBSA, which are
better than the compared algorithms, are marked in boldface.
For unimodal functions F1 − F5, it can be found that
SQPBSA reaches the global optimal result for F1, F5 and
gets high quality solution for F2, F3 and F4. For 15 basic
multimodal functions F6 − F20, SQPBSA shows better
performance for 9 out of 15 functions according to mean
error values. However, the remaining 3 out of 6 function
results obtained by SQPBSA exhibit inferior performance to
BSA based on the Wilcoxon results. For composition
functions F21 − F28, SQPBSA brings superior solutions for
4 out of 8 functions, and they are not significant at F21 and
F22 according to the Wilcoxon results. According to
“+/ = /−”, SQPBSA wins and ties BSA on 10 and 15 out of
28 benchmark functions.
Finally, in order to further investigate the convergence
speed of SQPBSA, we plot convergence curves for six
selected test function F1, F5, F6, F20, F23 and F28. In the
following Figure 1, the x-coordinate represents the iteration

P value
=
+
+
+
=
+
=
=
=
+
=
=
=
−
+
+
−
+
−
=
=
=
+
=
=
+
=
=

0.187500
0.000012
0.000012
0.000012
1.000000
0.000012
0.353258
0.946369
0.300241
0.000012
0.500000
0.339479
0.657069
0.001303
0.000058
0.000012
0.001885
0.000072
0.018555
0.967806
0.464480
0.411840
0.003507
0.475825
0.115475
0.000065
0.396679
1.000000
10/15/3

and the y-coordinate represents the mean value of AVG Er
taken the logarithm in all 25 runs. We can find that the
y-value decreases rapidly which is due to the gradient
feature of SQP algorithm. Hence, SQPBSA is able to
calculate a promising evolutionary direction to save function
evaluations.

4.4

Scalability of SQPBSA

We set the dimension value of benchmark functions at 10
and 50 at each run to analyze the scalability of SQPBSA.
The results are listed in Table 3 and Table 4. It can be found
that BSA and SQPBSA show the similar performance in the
case of dimension equal to 10. The results of Wilcoxon rank
test show SQPBSA wins and ties BSA in 9 and 19 out of 28
functions, respectively. In the case of dimension equal to 50,
SQPBSA gains better solution to most of benchmark
functions. Additionally, SQPBSA wins and ties BSA in 14
and 9 out of 28 functions, respectively. We conclude from
the above analysis, SQPBSA possesses good stability. It is
worthy of pointing out that we will investigate SQPBSA for
the high dimensional problems similar as the literature [28].
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Table 3 Error values obtained BSA and SQPBSA for 10-dimensional CEC-2013 benchmark functions

F1
F2
F3
F4
F5
F6
F7
F8
F9
F10
F11
F12
F13
F14
F15
F16
F17
F18
F19
F20
F21
F22
F23
F24
F25
F26
F27
F28
+/=/−

BSA
AVG Er ± S T DEr

SQPBSA
AVG Er ± S T DEr

0.00e+00±0.00e+00
2.45e+04±2.58e+04
3.37e+03±7.68e+03
7.84e+02±5.75e+02
0.00e+00±0.00e+00
4.25e−01±1.96e+00
7.91e+00±7.35e+00
2.03e+01±8.56e−02
3.67e+00±9.36e−01
9.37e−02±3.24e−02
0.00e+00±0.00e+00
9.82e+00±2.92e+00
1.57e+01±7.47e+00
1.63e−01±6.47e−02
6.38e+02±1.34e+02
7.34e−01±1.71e−01
7.43e+00±2.77e+00
2.45e+01±3.71e+00
2.76e−01±8.81e−02
2.90e+00±3.40e−01
2.60e+02±1.16e+02
1.50e+01±4.19e+00
8.80e+02±1.81e+02
1.53e+02±3.41e+01
1.96e+02±2.22e+01
1.12e+02±4.84e+00
3.10e+02±2.19e+01
2.29e+02±9.73e+01

0.00e+00±0.00e+00
7.30e−06±1.93e−05
4.67e+01±2.30e+02
1.91e−04±3.31e−04
0.00e+00±0.00e+00
3.94e−01±1.96e+00
7.74e+00±6.04e+00
2.02e+01±1.77e−01
3.94e+00±1.05e+00
4.65e−02±2.60e−02
0.00e+00±0.00e+00
1.17e+01±4.52e+00
1.46e+01±6.23e+00
1.53e−01±7.25e−02
5.66e+02±1.21e+02
2.55e−01±1.27e−01
8.30e+00±3.00e+00
2.03e+01±4.37e+00
2.21e−01±1.09e−01
2.98e+00±2.57e−01
2.12e+02±1.24e+02
1.30e+01±5.37e+00
7.38e+02±1.55e+02
1.58e+02±3.92e+01
1.90e+02±2.82e+01
1.14e+02±6.36e+00
3.21e+02±3.13e+01
1.81e+02±9.94e+01

P value
=
+
+
+
=
+
=
+
=
+
=
=
=
=
=
+
=
+
=
=
=
=
+
=
=
=
=
=

1
0.000012
0.000012
0.000012
1
0.00098
0.882352
0.026431
0.300241
0.000101
1
0.115475
0.599802
0.840072
0.06148
0.000012
0.150003
0.002064
0.065311
0.509755
0.065737
0.165837
0.008705
0.54491
0.26415
0.182896
0.15777
0.052512
9/19/0

=
+
+
+
+
+
+
=
=
+
−
=
=
−
+
+
−
+
−
+
+
−
+
=
=
+
=
=

0.659912
0.000012
0.000012
0.000012
0.03125
0.000012
0.000036
0.353258
0.26415
0.000012
0.000255
0.15777
0.220852
0.005816
0.00002
0.000012
0.000016
0.000025
0.000296
0.042207
0.000482
0.001569
0.000012
0.24182
0.946369
0.000012
0.756995
0.225253
14/9/5

Table 4 Error values obtained BSA and SQPBSA for 50-dimensional CEC-2013 benchmark functions

F1
F2
F3
F4
F5
F6
F7
F8
F9
F10
F11
F12
F13
F14
F15
F16
F17
F18
F19
F20
F21
F22
F23
F24
F25
F26
F27
F28
+/=/−

BSA
AVG Er ± S T DEr

SQPBSA
AVG Er ± S T DEr

2.54e−29±6.38e−29
2.98e+06±7.39e+05
4.82e+07±3.63e+07
3.17e+04±5.32e+03
5.73e−38±2.48e−37
4.98e+01±1.43e+01
8.70e+01±7.09e+00
2.11e+01±3.77e−02
5.43e+01±2.76e+00
4.05e−01±1.42e−01
3.98e−02±1.99e−01
2.13e+02±3.65e+01
3.21e+02±3.23e+01
2.22e+01±4.44e+00
7.95e+03±8.06e+02
1.88e+00±2.54e−01
5.43e+01±6.20e−01
2.69e+02±3.75e+01
2.60e+00±2.81e−01
2.12e+01±5.04e−01
8.05e+02±4.29e+02
6.29e+01±1.63e+01
9.64e+03±7.76e+02
2.69e+02±1.27e+01
3.81e+02±1.46e+01
2.00e+02±8.62e−02
1.48e+03±2.83e+02
4.00e+02±2.19e−13

2.76e−29±5.85e−29
8.65e−04±1.89e−04
1.02e+06±2.24e+06
2.81e−05±2.19e−05
0.00e+00±0.00e+00
3.15e+01±1.96e+01
7.62e+01±6.57e+00
2.11e+01±5.17e−02
5.52e+01±2.59e+00
4.96e−03±4.54e−03
7.96e−02±2.75e−01
1.99e+02±3.23e+01
3.33e+02±3.80e+01
2.69e+01±4.74e+00
6.11e+03±4.45e+02
9.61e−02±4.72e−02
5.67e+01±9.97e−01
1.95e+02±3.96e+01
3.01e+00±3.41e−01
2.08e+01±5.51e−01
4.61e+02±3.96e+02
7.87e+01±1.85e+01
7.77e+03±6.37e+02
2.73e+02±1.19e+01
3.81e+02±1.61e+01
2.00e+02±1.52e−03
1.50e+03±2.00e+02
4.00e+02±1.43e−13

P value

F25

F24

F23

F22

F21

F20

F19

F18

F17

F16

F15

F14

F13

F12

F11

F10

F9

F8

F7

F6

F5

F4

F3

F2

F1

Mean
Std
Mean
Std
Mean
Std
Mean
Std
Mean
Std
Mean
Std
Mean
Std
Mean
Std
Mean
Std
Mean
Std
Mean
Std
Mean
Std
Mean
Std
Mean
Std
Mean
Std
Mean
Std
Mean
Std
Mean
Std
Mean
Std
Mean
Std
Mean
Std
Mean
Std
Mean
Std
Mean
Std
Mean
Std

-450.0000000000000000
0.0000000000000000
-450.0000000000000000
0.0000000000000350
-44.5873911956554000
458.5794120016290000
-450.0000000000000000
0.0000000000000460
-310.0000000000000000
0.0000000000000000
393.4959999056240000
16.0224965900462000
1091.0644335162500000
3.4976948942723200
-119.8190232990920000
0.0720107560874199
-324.6046006320200000
2.5082306041521000
-324.3311322538170000
3.0072222933667300
92.5640111212146000
1.5827416781636900
18611.3142254809000000
12508.7866126316000000
-129.2373581503910000
0.5986210944493790
-298.2835926212850000
0.5587676271753680
417.4613663019860000
153.9215808771580000
221.4232628350220000
12.2450207482898000
217.3338617866620000
20.6685850658838000
668.9850326105730000
275.8071370273340000
708.2979222913040000
256.2419561521300000
711.2970397614200000
258.9317052508320000
1117.8857079625100000
311.0011859260640000
1094.8305116977000000
121.3539576317800000
1304.3661550124000000
262.1065863453340000
500.0000000000000000
103.7237710925280000
1107.9038127876700000
127.9566489362040000

PSO2011

ABC

-450.0000000000000000
-450.0000000000000000
0.0000000000000000
0.0000000000000000
-450.0000000000000000
-449.9999999999220000
0.0000000000000000
0.0000000002052730
-450.0000000000000000
387131.2441213970000000
0.0000000000000000
166951.7336592640000000
77982.4567046980000000
140.4509447125110000
131376.7365456010000000
217.2646715063190000
-310.0000000000000000
-291.5327549384120000
0.0000000000000000
17.6942171217937000
390.5315438816460000
391.2531452421960000
1.3783433976373800
3.7254660805238600
1087.2645466786700000
1087.0459486286000000
0.5365230018001780
0.0000000000005585
-119.9261073509850000
-119.7446063439080000
0.1554021446157740
0.0623866434489108
-306.5782069681560000
-330.0000000000000000
21.9475396048756000
0.0000000000000000
-314.7871102989330000
-306.7949047862760000
8.3115989308305500
5.1787864195870400
90.76427857045060000
94.8428485804138000
26.4613831425879000
0.6869412813090850
-70.0486708747625000
-337.3273080760500000
637.4585182420270000
56.5730759032367000
-128.7850616923410000
-129.8343428775830000
0.6157633658946230
0.0408016481905455
-295.1290938304830000
-296.9323391084610000
0.1634039984609270
0.2251930667702880
492.5045364088000000
120.0000000000000000
181.5709657779580000
0.0000000000000188
455.4454684594550000
258.8582688922670000
254.3583511786970000
11.8823213189685000
681.0349114021570000
265.0370119084380000
488.0618274343640000
12.4033917090208000
926.9488078829420000
513.8925774904480000
174.1027182659660000
31.0124861524005000
831.2324139697050000
500.5478931040730000
289.7296413284470000
31.2240894705539000
876.9306161887680000
483.2984167460740000
289.7296413284470000
99.3976740616107000
1258.1065536572400000
659.5351969346130000
359.7382897536570000
98.5410511961986000
-7.16E+49
915.4958100611630000
4.39E+50
242.1993331983530000
1159.9280867973000000
830.2290165794410000
742.1215416320490000
60.2286903507069000
653.3355378428050000
460.0000000000000000
302.5312999719650000
0.0000000000016493
1401.6553278264300000
930.4565414149210000
253.2428066220210000
87.9959072391079000

CMAES

Table 5 Fitness obtained SQPBSA and 6 non-BSAs for CEC-2005 functions at D=10
JDE
-450.0000000000000000
0.0000000000000000
-450.0000000000000000
0.0000000000000615
-197.9999999999850000
391.5169437474990000
-414.0000000000000000
55.9309919639279000
-271.0000000000000000
60.5919079609218000
231.3986579112350000
247.2968415284400000
1141.0459486286000000
83.8964879458918000
-119.4459380180300000
0.0927418223065644
-329.8673387923880000
0.3440030182812760
-319.6763749798700000
4.9173541245304800
93.2972315784963000
1.8766951726453600
400.3240208136310000
688.3344299264300000
-129.6294851450880000
0.1054759371085400
-296.8839733969750000
0.4330673614598290
326.6601114362900000
174.6877238188330000
231.1806131539990000
13.5473380962764000
228.7309024901770000
12.3682716268631000
743.9859973770210000
175.6497294240330000
776.5150806087790000
160.7307526692470000
761.2954767038960000
163.4084080635650000
959.3735119754180000
240.5568407069990000
1133.7536009808600000
42.1171260000361000
1167.9040488743800000
236.7325108248320000
510.0000000000000000
113.7147065368360000
1072.9924659809200000
2.2606058314671500

CLPSO
-450.0000000000000000
0.0000000000000000
-418.8551838547760000
51.0880511039985000
62142.0000000000000000
34796.1785167236000000
-178.8320689185280000
394.8667499339530000
333.4108259915760000
512.6920837704510000
405.5233436479650000
10.7480096852869000
1087.0459486286000000
0.0000000000004264
-119.9300269839980000
0.0417913553101429
-329.4361898676470000
0.6229063711904190
-321.7278926895280000
1.8971778613701300
94.6109567642977000
0.6689129174038950
-447.8870804905020000
11.8934815947019000
-129.8382867796110000
0.0372256921835666
-297.5119726691150000
0.3440115280624180
131.3550392249760000
26.1407360548431000
231.5547154800990000
11.5441451076421000
240.3635189964930000
14.8435137485293000
892.4391527217660000
79.1422224454971000
863.8929608090610000
96.5618989087194000
844.6391674419360000
113.6848457105400000
911.4640642691360000
238.3180009803040000
1075.5292326436900000
166.9355145236330000
1070.4327462836400000
203.0676627074300000
493.3333333333400000
137.2973951415090000
1258.5157766524700000
241.4024507676890000

SADE
-450.0000000000000000
0.0000000000000000
-450.0000000000000000
0.0000000000000000
245.0483283713550000
790.6056596723160000
-450.0000000000000000
0.0000000000000000
-309.9999999999960000
0.0000000000133965
390.2657719408230000
1.0114275384776600
1087.0459486286000000
0.0000000000004814
-119.7727713703720000
0.1248514853682450
-329.9668346980970000
0.1816538397880230
-322.9689591871600000
2.8254645254663600
91.6859083842723000
0.9033073777915270
-394.5206365378250000
128.6353424718180000
-129.7129164862680000
0.0875456568200232
-297.8403738182600000
0.4536801689800720
234.2689845349590000
150.7595974059750000
222.0256674919140000
6.1841489800660300
221.1801916743850000
5.7037006844690500
845.4504613493740000
120.8505129523180000
809.7183195902260000
147.3158109824600000
810.5227124472170000
104.7139423525340000
990.8546718748010000
235.1014092849970000
1094.6823697304900000
87.9884000140656000
1105.2511774948600000
190.6172874229610000
490.0000000000000000
91.5385729888094000
1074.3695435628600000
2.8314182838917800

SQPBSA
-450.0000000000000000
0.0000000000000000
-450.0000000000000000
0.0000000000000004
-449.9998759279890000
0.0000808008816114
-449.9962114268850000
0.0056063145455240
-309.9999982037400000
0.0000026247393704
390.0000000000000000
0.0000000000000920
1087.045948628590000
0.0000000000004618
-119.9999998858070000
0.0000000996247817
-330.0000000000000000
0.0000000000000000
-319.9788220733920000
3.5602606211767100
94.6637637819396000
0.7674497674202440
-459.1997562796040000
2.7697181588050900
-129.6968477405330000
0.0694143728081848
-296.8347411362020000
0.2293138462730630
120.0000001125400000
0.0000005603453462
233.3212271736870000
10.3120095664262000
242.8664774360980000
12.4035312596738000
634.4719711596620000
222.8546759685610000
573.0953902463740000
247.5024362248260000
651.1622698435700000
214.7211010722620000
833.6040233658230000
104.7835010032480000
1009.6443517378100000
200.5913287000750000
970.4645484659150000
144.2087373119220000
460.0000000000000000
0.0000000000000000
2019.7996395858800000
6.2472832648032000
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Table 6 Results of the multiple-problem Wilcoxon test for seven algorithms for CEC-2005 functions at D = 10
Algorithm
SQPBSA vs PSO2011
SQPBSA vs CMAES
SQPBSA vs ABC
SQPBSA vs JDE
SQPBSA vs CLPSO
SQPBSA vs SADE

R+

R−

P-value

α = 0.05

α = 0.10

226.17
247.83
147.83
234.83
243.38
206.83

98.83
77.17
177.17
90.17
81.63
118.17

0.086699
0.021673
0.693112
0.051623
0.029548
0.232919

=
+
=
=
+
=

+
+
=
+
+
=

Table 7 Average ranking of seven algorithms by the Friedman test for CEC-2005 functions at D = 10
Methods

SQPBSA

SADE

ABC

PSO2011

JDE

CLPSO

CMAES

Ranking

3.12

3.36

3.54

3.96

4.36

4.48

5.18

Table 8 Average ranking of six algorithms by the Friedman test for CEC-2013 functions at D = 30
Methods

NBIPOP-aCMA

SQPBSA

SPSOABC

fk-PSO

PVADE

SPSO2011

Ranking

1.86

2.75

3.39

3.66

4.02

5.32

4.5

Compare with Other Algorithms

Firstly, we compare SQPBSA with other effective
state-of-art methods which do not have any combination
with BSA in [8], namely ABC [29], PSO2011 [30],
CMAES [31, 32], CLPSO [33], SADE [34], and JDE [35].
Under the consideration of fair and convenience, we choose
CEC-2005 test suite as benchmark functions and employee
the parameter suggested in [36]. More information about
these 25 benchmark functions is described in CEC-2005
competition [36].
Table 5 collects the results of PSO2011, CMAES, ABC,
JDE, CLPSO, SADE and SQPBSA coping with CEC-2005,
and presents the average and the standard deviation of error
values. The Wilcoxon test is performed for these seven
algorithms on 25 functions and the pairwise comparison
results are listed in Table 6. Moreover, the results of
Friedman test similarly done in [37] for the compared
algorithms are listed in Table 7 to get an overall analysis.
From Table 5, it is intuitive to observe that all of the seven
algorithms work well according to the average error.
PSO2011, CMAES, ABC, JDE, CLPSO, SADE and
SQPBSA perform better in 8,5,11,3,2,3 and 7 out of 25
functions respectively. For the Wilcoxon test results listed in
Table 6, the R+ value reflects the degree of SQPBSA
superior to the compared algorithm. The symbol “+”
means that SQPBSA exhibits better performance
significantly than the compared algorithm while symbol
“=” indicates that there is no significant difference. Table
6 shows that SQPBSA gets higher R+ value 5 out of 6
compared algorithms. At α = 0.05, for CMAES and

CLPSO, we can obtain that there are significant differences
between SQPBSA and these two algorithms. SQPBSA
shows better performance. When α is set to 0.1, SQPBSA is
significantly superior to PSO2011, CMAES, JDE and
CLPSO. To get an overall analysis of seven algorithms,
Friedman test is carried out. The average rankings of
different algorithms are listed in Table 7. It can be found
clearly that SQPBSA is the best, while SADE offers second
overall performance, followed by ABC, PSO2011, JDE,
CLPSO and CMAES in order. SQPBSA is top ranked since
the proposed algorithm achieves good performance in
expanded functions F13 − F14 and hybrid composition
functions F15 − F25. However, for most of these functions,
CMAES can not reap the better performance, resulting in the
low ranking.
Secondly, SQPBSA is in comparison with other five
algorithms named NBIPOP-aCMA [38], SPSO2011 [39],
SPSOABC [40], and PVADE [41] and fk-PSO [42] which
were
proposed
in
the
CEC-2013
Special
Session & Competition on Real-Parameter Single Objective
Optimization.
We compare the performance of six algorithms through
Friedman test and AVG Er value. The average rankings of the
six algorithms calculated by Friedman test are presented in
Table 8. As is clearly shown in the table, NBIPOP-aCMA
performs best, and SQPBSA offers the second best
performance, followed by SPSOABC, fk-PSO, PVADE and
SPSO2011. Afterward, Table 9 shows the average and
standard deviation of error values. From Table 9, we find
that NBIPOP-aCMA, fk-PSO, SPSO2011, SPSOABC,

F1
F2
F3
F4
F5
F6
F7
F8
F9
F10
F11
F12
F13
F14
F15
F16
F17
F18
F19
F20
F21
F22
F23
F24
F25
F26
F27
F28

AVG Er ± S T DEr

AVG Er ± S T DEr

0.00E+00±0.00E+00
1.59E+06±8.03E+05
2.40E+08±3.71E+08
4.78E+02±1.96E+02
0.00E+00±0.00E+00
2.99E+01±1.76E+01
6.39E+01±3.09E+01
2.09E+01±6.28E−02
1.85E+01±2.69E+00
2.29E−01±1.32E−01
2.36E+01±8.76E+00
5.64E+01±1.51E+01
1.23E+02±2.19E+01
7.04E+02±2.38E+02
3.42E+03±5.16E+02
8.48E−01±2.20E−01
5.26E+01±7.11E+00
6.81E+01±9.68E+00
3.12E+00±9.83E−01
1.20E+01±9.26E−01
3.11E+02±7.92E+01
8.59E+02±3.10E+02
3.57E+03±5.90E+02
2.48E+02±8.11E+00
2.49E+02±7.82E+00
2.95E+02±7.06E+01
7.76E+02±7.11E+01
4.01E+02±3.48E+02

AVG Er ± S T DEr

0.00E+00±0.00E+00
0.00E+00±0.00E+01
0.00E+00±0.00E+02
0.00E+00±0.00E+03
0.00E+00±0.00E+04
0.00E+00±0.00E+05
2.31E+00±6.05E+00
2.09E+01±4.80E−02
3.30E+00±1.38E+00
0.00E+00±0.00E+00
3.04E+00±1.41E+00
2.91E+00±1.38E+00
2.78E+00±1.45E+00
8.10E+02±3.60E+02
7.65E+02±2.95E+02
4.40E−01±9.26E−01
3.44E+01±1.87E+00
6.23E+01±4.56E+01
2.23E+00±3.41E−01
1.29E+01±5.98E−01
1.92E+02±2.72E+01
8.38E+02±4.60E+02
6.67E+02±2.90E+02
1.62E+02±3.00E+01
2.20E+02±1.11E+01
1.58E+02±3.00E+01
4.69E+02±7.38E+01
2.69E+02±7.35E+01

0.00E+00±0.00E+00
3.38E+05±1.67E+05
2.88E+08±5.24E+08
3.86E+04±6.70E+03
5.42E−04±4.91E−05
3.79E+01±2.83E+01
8.79E+01±2.11E+01
2.09E+01±5.89E−02
2.88E+01±4.43E+00
3.40E−01±1.48E−01
1.05E+02±2.74E+01
1.04E+02±3.54E+01
1.94E+02±3.86E+01
3.99E+03±6.19E+02
3.81E+03±6.94E+02
1.31E+00±3.59E−01
1.16E+02±2.02E+01
1.21E+02±2.46E+01
9.51E+00±4.42E+00
1.35E+01±1.11E+00
3.09E+02±6.80E+01
4.30E+03±7.67E+02
4.83E+03±8.23E+02
2.67E+02±1.25E+01
2.99E+02±1.05E+01
2.86E+02±8.24E+01
1.00E+03±1.12E+02
4.01E+02±4.76E+02

SPSO2011

fk-PSO

NBIPOP-aCMA

0.00E+00±0.00E+00
8.78E+05±1.69E+06
5.16E+07±8.00E+07
6.02E+03±2.30E+03
0.00E+00±0.00E+00
1.09E+01±1.09E+01
5.12E+01±2.04E+01
2.09E+01±4.92E−02
2.95E+01±2.62E+00
1.32E−01±6.23E−02
0.00E+00±0.00E+00
6.44E+01±1.48E+01
1.15E+02±2.24E+01
1.55E+01±6.13E+00
3.55E+03±3.04E+02
1.03E+00±2.01E−01
3.09E+01±1.23E−01
9.01E+01±8.95E+00
1.71E+00±4.68E−01
1.11E+01±7.60E−01
3.18E+02±7.53E+01
8.41E+01±3.90E+01
4.18E+03±5.62E+02
2.51E+02±1.43E+01
2.75E+02±9.76E+00
2.60E+02±7.62E+01
9.10E+02±1.62E+02
3.33E+02±2.32E+02

AVG Er ± S T DEr

SPSOABC

Table 9 Error values obtained by SQPBSA and 5 compared algorithms for CEC-2013 benchmark functions at D = 30

0.00E+00±0.00E+00
2.12E+06±1.56E+06
1.65E+03±2.83E+03
1.70E+04±2.85E+03
1.40E−07±1.86E−07
8.29E+00±5.82E+00
1.29E+00±1.22E+00
2.09E+01±4.82E−02
6.30E+00±3.27E+00
2.16E−02±1.36E−02
5.84E+01±1.11E+01
1.15E+02±1.14E+01
1.31E+02±1.24E+01
3.20E+03±4.38E+02
5.16E+03±3.19E+02
2.39E+00±2.66E−01
1.02E+02±1.17E+01
1.82E+02±1.20E+01
5.40E+00±8.10E−01
1.13E+01±3.28E−01
3.19E+02±6.26E+01
2.50E+03±3.86E+02
5.81E+03±5.04E+02
2.02E+02±1.40E+00
2.30E+02±2.08E+01
2.18E+02±4.01E+01
3.26E+02±1.14E+01
3.00E+02±2.24E−02

AVG Er ± S T DEr

PVADE

6.69e−30±1.67e−29
7.70e−05±2.35e−05
3.39e+05±7.83e+05
7.12e−05±5.88e−05
0.00E+00±0.00E+00
9.79e−13±3.54e−12
6.75e+01±1.13e+01
2.09e+01±5.63e−02
2.61e+01±3.02e+00
7.95e−03±4.17e−03
3.98e−02±1.99e−01
8.83e+01±1.90e+01
1.52e+02±2.87e+01
4.67e+00±2.37e+00
2.95e+03±4.39e+02
1.10e−01±3.73e−02
3.12e+01±2.35e−01
8.65e+01±1.48e+01
1.21e+00±2.48e−01
1.12e+01±5.84e−01
2.54e+02±6.36e+01
4.19e+01±1.89e+01
3.91e+03±3.55e+02
2.39e+02±1.19e+01
2.90e+02±1.04e+01
2.00e+02±1.49e−02
9.12e+02±1.41e+02
3.00e+02±1.69e−13

AVG Er ± S T DEr

SQPBSA
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Table 10 Experimental results on 28 benchmark functions with varying stage control parameter
function
F1
F2
F3
F4
F5
F6
F7
F8
F9
F10
F11
F12
F13
F14
F15
F16
F17
F18
F19
F20
F21
F22
F23
F24
F25
F26
F27
F28

0.15

0.25

0.35

0.45

0.55

5.68E−30
1.10E-04
7.04E+05
1.76E-04
2.02E−30
8.87E-12
7.27E+01
2.09E+01
2.65E+01
6.71E-03
1.19E-01
9.02E+01
1.55E+02
3.81E+00
3.35E+03
2.41E-01
3.11E+01
1.07E+02
1.29E+00
1.14E+01
2.35E+02
4.10E+01
4.24E+03
2.34E+02
2.84E+02
2.00E+02
8.32E+02
3.00E+02

4.54E−30
9.94E-05
7.51E+05
1.05E-04
0.00E+00
1.06E+00
6.86E+01
2.10E+01
2.59E+01
5.92E−03
1.99E-01
8.96E+01
1.43E+02
4.46E+00
3.38E+03
1.42E-01
3.11E+01
9.33E+01
1.33E+00
1.14E+01
2.37E+02
4.27E+01
4.09E+03
2.38E+02
2.88E+02
2.00E+02
8.47E+02
2.92E+02

1.41E−29
9.08E-05
2.39E+05
6.61E-05
0.00E+00
1.25E-12
6.59E+01
2.09E+01
2.67E+01
6.42E-03
1.19E-01
9.00E+01
1.55E+02
4.51E+00
3.04E+03
1.18E-01
3.11E+01
9.50E+01
1.28E+00
1.14E+01
2.54E+02
3.57E+01
3.96E+03
2.34E+02
2.88E+02
2.00E+02
9.43E+02
2.84E+02

6.69E−30
7.70E-05
3.39E+05
7.12E−05
0.00E+00
9.79E−13
6.75E+01
2.09E+01
2.61E+01
7.95E-03
3.98E−02
8.83E+01
1.52E+02
4.67E+00
2.95E+03
1.10E−01
3.12E+01
8.65E+01
1.21E+00
1.12E+01
2.54E+02
4.19E+01
3.91E+03
2.39E+02
2.90E+02
2.00E+02
9.12E+02
3.00E+02

4.04E−30
7.31E−05
2.04E+05
7.29E-05
0.00E+00
2.55E-12
6.15E+01
2.09E+01
2.65E+01
6.41E-03
7.96E-02
9.11E+01
1.52E+02
5.48E+00
3.16E+03
7.75E-02
3.13E+01
8.68E+01
1.28E+00
1.15E+01
2.58E+02
5.62E+01
3.89E+03
2.32E+02
2.88E+02
2.00E+02
8.57E+02
3.00E+02

Table 11 Average ranking on 28 benchmark functions with varying stage control parameter
p

0.15

0.25

0.35

0.45

0.55

Ranking

3.45

3.2

2.88

2.68

2.8

PVADE and SQPBSA perform better in 20, 3, 2, 6, 3, and 8
out of 28 functions respectively.
We can see that
NBIPOP-aCMA offers the best performance and works well
when solving most of the benchmark functions, as it is one
of the best top three proposed algorithm during CEC-2013.
SQPBSA exhibits the second best performance according to
AVG Er value inferior to NBIPOP-aCMA. Overall, the
proposed method is capable of solving problems on
CEC-2013 and obtaining higher solutions.
The above experiments indicates that the proposed method
SQPBSA is very efficient in solving benchmark functions in
CEC-2005 and CEC-2013.

5
5.1

Discussion
Effect of the parameter p

In the proposed SQPBSA, the stage control parameter p is
set to 0.45, which means the function evaluation times in
early stage accounts for 45 percent of total evolutionary

iteration period. In order to verify the effectiveness of the
above choice, we test the algorithm with five different p:
0.15, 0.25, 0.35, 0.45 and 0.55. For each setting, 25
independent runs are performed. Table 10 summarizes the
mean error values of the objective function. The Friedman
test results are listed in Table 11.
As depicted in Table 10, the mean results provided by p =
0.45 are much better than other results for test functions F6,
F11, F12, F15, F18, F19 and F20 while in the case of p =
0.45 the mean errors of test function F10, F24 and F25 are
worse than other results. Besides, in the case of p = 0.45
the mean results of test functions F5, F8, F17 and F26 are
similar to those of p = 0.15, 0.25, 0.35, 0.55. It is necessary
to note that the algorithm with different p equal to 0.15, 0.25,
0.35, 0.45 and 0.55 performs better in 7, 6, 7, 10 and 10 out of
28 functions respectively. In general, the overall performance
of p = 0.45 is better than that of other settings for p. Table
11 describes the performance of SQPBSA with different p
through statistical method Friedman test. It is obvious that
p = 0.45 offers the best performance, followed by 0.55, 0.35,
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Table 12 Experimental results on 28 benchmark functions with varying stage control parameter
function
F1
F2
F3
F4
F5
F6
F7
F8
F9
F10
F11
F12
F13
F14
F15
F16
F17
F18
F19
F20
F21
F22
F23
F24
F25
F26
F27
F28

102

103

104

105

2.02E−30
1.43E+06
3.38E+06
4.64E+00
0.00E+00
1.65E+01
7.30E+01
2.09E+01
2.70E+01
7.91E-02
3.98E−02
9.12E+01
1.51E+02
3.36E+00
3.40E+03
1.28E+00
3.10E+01
1.06E+02
1.23E+00
1.17E+01
2.71E+02
3.77E+01
4.11E+03
2.33E+02
2.86E+02
2.00E+02
8.54E+02
3.00E+02

7.57E−30
9.70E+02
7.90E+05
7.27E-05
0.00E+00
4.35E+00
6.71E+01
2.09E+01
2.74E+01
6.15E−03
7.96E-02
8.97E+01
1.56E+02
4.22E+00
3.14E+03
4.41E-01
3.11E+01
9.47E+01
1.31E+00
1.15E+01
2.70E+02
4.17E+01
3.88E+03
2.30E+02
2.88E+02
2.00E+02
8.61E+02
2.96E+02

6.69E−30
7.70E−05
3.39E+05
7.12E-05
0.00E+00
9.79E−13
6.75E+01
2.09E+01
2.61E+01
7.95E-03
3.98E−02
8.83E+01
1.52E+02
4.67E+00
2.95E+03
1.10E−01
3.12E+01
8.65E+01
1.21E+00
1.12E+01
2.54E+02
4.19E+01
3.91E+03
2.39E+02
2.90E+02
2.00E+02
9.12E+02
3.00E+02

1.01E−29
7.84E-05
1.29E+05
4.67E−05
0.00E+00
1.45E-12
7.20E+01
2.09E+01
2.65E+01
6.27E-03
3.98E−02
9.87E+01
1.55E+02
5.81E+00
3.03E+03
1.12E-01
3.12E+01
8.41E+01
1.29E+00
1.16E+01
2.71E+02
4.24E+01
3.97E+03
2.31E+02
2.86E+02
2.00E+02
8.72E+02
3.00E+02

Table 13 Average ranking on 28 benchmark functions with varying parameter innerFes
innerFES

102

103

104

105

Ranking

2.8

2.48

2.14

2.57

0.25 and 0.15. It can be inferred that the local search ability
of the proposed method is sufficient when p = 0.45 since the
fast decline phase is determined by the parameter p and SQP
is able to determine a better evolutionary direction.
Based on the above discussion, it is clear that p = 0.45 is
a reasonable choice for SQPBSA.

5.2

Effect of the parameter innerFes

The parameter innerFes in the proposed method is assigned
value 104 , which means the maximum function evaluation
time of SQP for each call is up to 104 . The algorithm is tested
with four different innerFes 102 , 103 , 104 and 105 to verify
the effectiveness of the parameter adopted in the paper. For
each setting, 25 independent runs are performed. The mean
error values of the objective function are listed in Table 12.
Table 13 describes the Friedman test results.
We can see from Table 12, the mean error values provided
by innerFes = 104 are much better than other results for test
functions F2, F6, F9, F12, F15, F16, F19, F20 and F21.

However, the mean errors of test function F24, F25 and F27
are worse than other results with innerFes = 104 . In the case
of innerFes = 104 , the mean results of test functions F1, F17
and F28 are approximate to those of innerFes = 102 , 103 and
105 . Moreover, it is intuitive to observe that SQPBSA with
different innerFes equal to 102 , 103 , 104 and 105 performs
better in 11, 9, 14 and 9 out of 28 functions respectively. The
results indicate that the overall performance of innerFes =
104 is better than that of other settings for innerFes.
The results of SQPBSA with different innerFes through
Friedman test are described in Table 13. As is clearly shown
in the table, innerFes = 104 offers the best performance,
followed by 103 , 105 and 102 . We infer from Table 12 that
local search ability is enhanced constantly when innerFES
is increased from 102 to 104 . The local exploitation abilities
perform best in the case of innerFes = 104 . The algorithm is
easy to trap into the local optimal solution when innerFes is
increased to 105 so that the accuracy of SQPBSA declines.
Based on the above analysis, innerFes = 104 is a reasonable setting for SQPBSA.
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Table 14 Running time of SQPBSA on 10, 30 and 50-dimensional CEC-2013 functions
Dimension

T0

T1

T̂ 2

(T̂ 2 − T 1)/T 0

D = 10
D = 30
D = 50

0.11
0.11
0.11

0.26
0.77
1.29

1.93
3.81
5.46

15.18
27.64
37.91

Table 15 Running time of SQPBSA and 5 compared algorithms on 10, 30 and 50-dimensional CEC-2013 functions
Dimension

BSA

NBIPOP-aCMA

SQPBSA

SPSOABC

PVADE

SPSO2011

D = 10
D = 30
D = 50

9.18
10.55
11

62.39
68.11
103.79

15.18
27.64
37.91

33.37
165.74
578.41

7.42
9.97
16.01

5.17
5.84
6.15

5.3

Running time comparison

6
Algorithms have been implemented in 64-bit
matlabR2011a on a PC (Intel Core i7-4790 CPU, 3.60GHz,
8 GB RAM, 64-bit Windows 7 operation system). Table 14
reports the running time of SQPBSA similar done
in [27, 36]. The calculation of running time is described as
follows. First, time of certain test program run on system is
obtained as T 0. The computation time of Function 14 for
200000 evaluations is T 1. Then, the average complete
computation time of Function 14 with 200000 evaluations
for 5 times is obtained as T 2. Finally, (T̂ 2 − T 1)/T 0 is
calculated to reflect the complexity of the algorithm. From
Table 14, it is clear that additional time is required for
optimization when the number of dimensions is increased.

Table 15 presents the running time of BSA, SQPBSA,
NBIPOP-aCMA, SPSOABC, PVADE and SPSO2011
according to (T̂ 2 − T 1)/T 0.
The running time of
NBIPOP-aCMA, SPSOABC, PVADE and SPSO2011 is
derived from [38–41]. We first compare the running time of
SQPBSA and BSA. Due to the calculation of Hessian matrix
in SQPBSA, SQPBSA is more time consuming than BSA.
Secondly, we analysis the running time of SQPBSA,
NBIPOP-aCMA, SPSOABC, PVADE and SPSO2011.
NBIPOP-aCMA shows the best performance on CEC-2013
while it has a second highest computational cost. The
third-ranked algorithm SPSOABC is the most
time-consuming. SQPBSA is the second best algorithm, but
less time consuming than NBIPOP-aCMA and SPSOABC.
PVADE and SPSO2011 do not offer the results as
competitive as the other algorithms while these two methods
save the most computation time.

Conclusion

In this paper, BSA combined with SQP for solving
numerical optimization problems is proposed called
SQPBSA. SQPBSA adopts BSA as a global search engine
and SQP algorithm as a local search technique. At each
iteration process, the proposed method optimizes one
individual randomly selected from population.
Based on the characteristics of BSA powerful global
exploration capability and SQP fast gradient decreasing
speed, SQPBSA preserves the advantages and makes up for
the disadvantages of BSA and SQP.
SQPBSA is verified by effect and stability experiments.
The results reveal that sequential quadratic programming
enhanced backtracking search algorithm provides
competitive and effective results. Moreover, SQPBSA is
compared with state-of-art evolutionary algorithms solving
test functions collected in CEC-2005 and CEC-2013.
Meanwhile, the effect of the parameter p and innerFes on
the performance of SQPBSA is also investigated. SQPBSA
is capable of finding solution within reasonable period of
time. The results present that our method is able to solve
benchmark test functions and provide promising
performance.
In the future, it is interesting to investigate the proposed
algorithm for high dimensional problems. We also plan to
modify SQPBSA to solve combinational optimization
problems.
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